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Abstract

We extend the main result (Theorem 1) of Luo & Wolitzky (2024), “Marginal
Reputation,” from i.i.d. states to persistent Markovian states. The extension reveals
a new phenomenon: when the Stackelberg strategy reveals the state, short-run
player beliefs permanently deviate from the stationary distribution, causing the
Nash correspondence to become state-contingent. We introduce the concept of
belief-robustness and present two results. Theorem 1′ (belief-robust case): when
short-run best responses are invariant to the filtering belief F (·|θ), the original
commitment payoff V (s∗1) holds exactly under Markov states with no correction.
Theorem 1′′ (general case): the Markov commitment payoff VMarkov(s

∗
1) provides

the appropriate bound, with VMarkov = V (s∗1) if and only if the game is belief-robust.
The difference V (s∗1)−VMarkov—the effect of persistence—can be positive or negative,
quantifying how state persistence enables short-run players to condition behavior
on the revealed state. For the deterrence game with baseline parameters (α = 0.3,
β = 0.5), the effect of persistence is 36.3% relative to the Markov payoff. Our
framework interpolates continuously between i.i.d. (Luo–Wolitzky) and perfectly
persistent (Pei 2020) states.

Keywords: Reputation, repeated games, Markov states, optimal transport,
belief-robustness



2 Extending Marginal Reputation to Markov States

Original Paper: “Marginal Reputation” by Daniel Luo and Alexander Wolitzky, MIT
Department of Economics, December 2024.



1 Extending Marginal Reputation to Markov States

Contents

1 Introduction 3
1.1 The Challenge of Markov States . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 The Extended Model 4
2.1 State Process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Lifted State Space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.3 Stage Game . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.4 Joint Distribution and Marginals . . . . . . . . . . . . . . . . . . . . . . 6
2.5 Commitment Types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.6 Repeated Game . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3 Belief-Robustness: The Key New Concept 7
3.1 Filtering Beliefs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
3.2 The Belief-Robustness Condition . . . . . . . . . . . . . . . . . . . . . . 8
3.3 When Does Belief-Robustness Hold? . . . . . . . . . . . . . . . . . . . . 8

4 Main Theorems 9
4.1 Definitions on the Expanded State Space . . . . . . . . . . . . . . . . . . 9
4.2 Theorem 1′ (Belief-Robust Extension) . . . . . . . . . . . . . . . . . . . . 9
4.3 Theorem 1′′ (General Corrected Bound) . . . . . . . . . . . . . . . . . . . 10
4.4 Extension to Behaviorally Confounded Strategies (Theorem 2) . . . . . . 11

5 Proof Sketch 11
5.1 Overview: Where i.i.d. Is Actually Used . . . . . . . . . . . . . . . . . . 11
5.2 Step 0: OT / Confound-Defeating Extension . . . . . . . . . . . . . . . . 12
5.3 Step 1: Lemma 1 — Equilibrium Implications . . . . . . . . . . . . . . . 12
5.4 Step 2: Lemma 2 — KL Counting Bound . . . . . . . . . . . . . . . . . . 14
5.5 Step 3: Lemma 3 — Martingale Convergence . . . . . . . . . . . . . . . . 15
5.6 Step 4: Lemma 4 — Combining the Pieces . . . . . . . . . . . . . . . . . 17
5.7 Step 5: The Payoff Bound . . . . . . . . . . . . . . . . . . . . . . . . . . 17

6 The Supermodular Case 18
6.1 Monotonicity on the Lifted Space . . . . . . . . . . . . . . . . . . . . . . 18
6.2 Payoffs Depending Only on θt . . . . . . . . . . . . . . . . . . . . . . . . 19
6.3 Transition-Dependent Payoffs . . . . . . . . . . . . . . . . . . . . . . . . 19
6.4 Extended Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19



2 Extending Marginal Reputation to Markov States

7 Worked Example: Deterrence Game with Markov Attacks 20
7.1 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
7.2 Lifted State Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
7.3 Markov Deterrence Proposition . . . . . . . . . . . . . . . . . . . . . . . 21
7.4 Version 1: Belief-Robust (µ∗ = 0.40) . . . . . . . . . . . . . . . . . . . . . 22
7.5 Version 2: Non-Belief-Robust (µ∗ = 0.60) . . . . . . . . . . . . . . . . . . 22
7.6 Concrete Numerical Example . . . . . . . . . . . . . . . . . . . . . . . . 22
7.7 The Overestimation Gap . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
7.8 Limiting Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
7.9 Comparison Table . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
7.10 Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

8 Interpolation Between i.i.d. and Persistent 24
8.1 The Interpolation Landscape . . . . . . . . . . . . . . . . . . . . . . . . . 24
8.2 Recovery of i.i.d. (Luo–Wolitzky 2024) . . . . . . . . . . . . . . . . . . . 25
8.3 Connection to Pei (2020) — Perfect Persistence . . . . . . . . . . . . . . 25
8.4 The Markov Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . 25
8.5 The Effect of Persistence . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
8.6 New Economic Content . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

9 Discussion and Open Questions 27
9.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
9.2 Open Questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
9.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

A KL Chain Rule Verification 29
A.1 The Chain Rule for KL Divergence . . . . . . . . . . . . . . . . . . . . . 29
A.2 Filter Stability for Ergodic HMMs . . . . . . . . . . . . . . . . . . . . . . 29
A.3 Monte Carlo Verification . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

B Computational Framework 30
B.1 Analysis Modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
B.2 Reproducibility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
B.3 Repository Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
B.4 Additional Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

References 31



3 Extending Marginal Reputation to Markov States

1 Introduction

Luo & Wolitzky (2024) establish a striking connection between reputation theory in
repeated games and optimal transport theory. Their main result, Theorem 1, shows that a
patient long-run player can secure her commitment payoff V (s∗1) in any Nash equilibrium,
provided her Stackelberg strategy s∗1 is confound-defeating and not behaviorally confounded.
Throughout their analysis, states are drawn i.i.d. across periods. The authors note
(footnote 9) that the extension to persistent states is an open question.

1.1 The Challenge of Markov States

The extension from i.i.d. to Markov states introduces a fundamental new phenomenon. We
employ a lifted state construction θ̃t = (θt, θt−1). Since the original chain already possesses
a stationary distribution π, the purpose of lifting is not to create stationarity but to encode
Markov private information into a type space Θ̃ = Θ×Θ with joint stationary distribution
ρ̃, playing the role of the exogenous signal distribution in Luo–Wolitzky’s optimal transport
formulation. However, the extension is not a straightforward substitution: under the
simultaneous-move timing of Luo–Wolitzky (2024, Section 3.1), the short-run player does
not observe the long-run player’s current action before choosing. When the Stackelberg
strategy is state-revealing (e.g., s∗1(G) = A, s∗1(B) = F ), the public history reveals past
states, so the short-run player’s belief about the current payoff-relevant state θt is the
filtering distribution F (·|θt−1) rather than the stationary distribution π. This creates a
permanent structural gap: short-run behavior becomes state-contingent, and the Nash
correspondence B(s∗1) must be replaced by a state-dependent object B(s∗1, F (·|θt−1)).

1.2 Main Results

These observations lead to two main theorems. Theorem 1′ addresses the belief-robust
case: when the short-run player’s best-response set B(s∗1, F (·|θ)) is constant across states
θ—a condition we call belief-robustness—the i.i.d. bound V (s∗1) holds exactly. The entire
proof machinery (KL bound, OT robustness, monotonicity) applies without modification;
belief-robustness ensures the filtering belief gap is irrelevant.

Theorem 1′′ handles the general case. For all supermodular games with Markov states,
a corrected bound holds:

VMarkov(s
∗
1) :=

∑
θ′∈Θ

π(θ′) · inf
(α0,α2)∈B(s∗1,F (·|θ′))

∑
θ∈Θ

F (θ|θ′) · u1

(
θ, s∗1(θ, θ

′), α2

)
,

where θ′ indexes the previous state (determining SR’s belief) and θ indexes the current
state (entering the payoff). The bound satisfies VMarkov = V (s∗1) if and only if the game is
belief-robust. The difference V (s∗1)− VMarkov—the effect of persistence—can be positive
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or negative, quantifying how state persistence affects reputation value. This is a new
economic object that the i.i.d. framework cannot capture.

1.3 Outline

Section 2 presents the model with the lifted state construction. Section 3 introduces the
key new concept of belief-robustness. Section 4 states the two main theorems. Section 5
contains the proof sketch, tracing each step of the Luo–Wolitzky argument and identifying
where modifications are needed for Markov states. Section 6 extends the supermodular
case. Section 7 works out the deterrence game in both belief-robust and non-belief-robust
versions. Section 8 discusses the continuous interpolation between i.i.d. and persistent
states and the economic implications. Section 9 discusses open questions. Appendix A
verifies the KL chain rule and filter stability. Appendix B documents the computational
framework.

2 The Extended Model

We maintain all notation and conventions from Luo & Wolitzky (2024, Sections 3.1–3.2),
modifying only the state process.

2.1 State Process

Let Θ be a finite set.

Assumption 2.1 (Markov States). The state θt ∈ Θ follows a stationary ergodic
Markov chain with:

(a) Transition kernel F (·|θ) for each θ ∈ Θ, so that P(θt+1 = θ′|θt = θ) = F (θ′|θ).

(b) Unique stationary distribution π ∈ ∆(Θ) satisfying

π(θ) =
∑
θ′∈Θ

π(θ′)F (θ|θ′) for all θ ∈ Θ. (1)

(c) The chain is irreducible and aperiodic (ensuring ergodicity).

Remark 2.2. When F (·|θ) = π(·) for all θ, the chain has no memory and we recover the
i.i.d. case of Luo & Wolitzky (2024). The two-state case with Θ = {G,B} is parameterized
by α = P(B|G) and β = P(G|B), giving π(G) = β/(α+ β).
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2.2 Lifted State Space

The central construction is the lifted state:

Definition 2.3 (Lifted State). Define

θ̃t = (θt, θt−1) ∈ Θ̃ = Θ×Θ. (2)

Remark 2.4 (Initial Period Convention). The lifted state θ̃t = (θt, θt−1) is defined for
t ≥ 1. For t = 0, we draw θ−1 from the stationary distribution π independently of θ0
(equivalently, we initialize the chain in stationarity at t = −1). This loses nothing: the
first period is transient and vanishes under δ → 1. Alternatively, one may start the game
at t = 1.

The process (θ̃t)t≥1 is itself a Markov chain on Θ̃ with transition probabilities

F̃
(
(θ′, θ)

∣∣ (θ, θ′′)) = F (θ′|θ) (3)

and stationary distribution

ρ̃(θ, θ′) = π(θ′) · F (θ|θ′). (4)

Proposition 2.5. Under Assumption 2.1, the lifted chain (θ̃t) on Θ̃ is ergodic with unique
stationary distribution ρ̃.

Proof. Since the original chain is irreducible on Θ, for any states θ, θ′ ∈ Θ, there exists
n ∈ N such that F n(θ′|θ) > 0. Now consider two lifted states (θa, θb) and (θd, θc) in
Θ̃. By irreducibility of the original chain, there exists a finite path θa → θi1 → · · · →
θik → θc with positive probability. This path in the original chain induces a path
(θa, θb) → (θi1 , θa) → · · · → (θc, θik) → (θd, θc) in the lifted chain (where the final step
uses F (θd|θc) > 0 for some path from θc to θd). Hence the lifted chain is irreducible.
Aperiodicity follows from aperiodicity of the original chain: if F (θ|θ) > 0 for some θ,
then (θ, θ) → (θ, θ) is a self-loop in the lifted chain. Uniqueness of ρ̃ follows from the
Perron–Frobenius theorem.

Remark 2.6 (Effective State Space). If F (θ|θ′) = 0 for some pair, the lifted state (θ, θ′)

is never visited. The effective state space is Θ̃+ = {(θ, θ′) ∈ Θ × Θ : F (θ|θ′) > 0} ⊆ Θ̃.
All results hold on Θ̃+; we write Θ̃ for notational simplicity throughout.

Remark 2.7 (Purpose of the Lifting). The lifted state provides a Markov structure on
which the optimal transport framework and cyclical monotonicity characterizations apply.
The key property is that θ̃t has a fixed, known stationary distribution ρ̃, playing precisely
the role of the i.i.d. signal distribution ρ in Luo & Wolitzky (2024). This is the central
insight enabling the extension.
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2.3 Stage Game

The stage game is identical to Luo & Wolitzky’s Section 3.1, except:

(i) The long-run player’s private information each period is θ̃t = (θt, θt−1).

(ii) A stage-game strategy for player 1 is s1 : Θ̃ → ∆(A1), a Markov strategy.

(iii) Payoffs depend on the current state: u1(θt, a1, α2).

We restrict throughout to payoffs u1(θt, a1, α2) that depend on θt alone (not the full
lifted state θ̃t). This covers all standard applications—deterrence, trust, signaling—and
avoids unmotivated generalization.

2.4 Joint Distribution and Marginals

Under Markov strategy s1 and the stationary distribution ρ̃, the joint distribution over
(θ̃, a1) is:

γ(s1)[θ̃, a1] = ρ̃(θ̃) · s1(θ̃)[a1]. (5)

The marginals of γ(s1) are the stationary distribution πΘ̃(γ) = ρ̃, which is fixed and
known, and the action marginal πA1(γ) = ϕ(s1) =

∑
θ̃ ρ̃(θ̃) s1(θ̃)[·], which is observable to

the short-run players. These two marginals play exactly the roles of the exogenous state
distribution and the action frequency in the Luo–Wolitzky optimal transport formulation.

2.5 Commitment Types

A commitment type ωs1 ∈ Ω plays Markov strategy s1 : Θ̃ → ∆(A1) every period. The
type space Ω is countable with full-support prior µ0 ∈ ∆(Ω).

Remark 2.8. A “memoryless” commitment type that plays s1 : Θ → ∆(A1) (ignoring
θt−1) is a special case. The framework allows richer types that condition on transitions,
but the memoryless case suffices for most applications.

2.6 Repeated Game

The repeated game structure is identical to Luo & Wolitzky’s Section 3.2. Assumption 1
(signal y1 identifies a1) is maintained throughout.

Remark 2.9 (Within-Period Timing). Following Luo & Wolitzky (2024, Section 3.1), play-
ers 1 and 2 move simultaneously within each period. Signals y1 and y2 are generated after
actions are chosen and observed publicly, becoming part of the history ht = (y1,t′ , y2,t′)

t−1
t′=0

available in subsequent periods. In particular, the short-run player’s information set at
time t is ht−1: SR does not observe the long-run player’s current action a1,t (or the current
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state θt) before choosing a2,t. Under a state-revealing commitment strategy s∗1, the history
ht−1 reveals θ0, . . . , θt−1, so SR’s belief about the current payoff-relevant state θt is the
one-step-ahead predictive distribution F (·|θt−1).

3 Belief-Robustness: The Key New Concept

The central obstacle to extending Theorem 1 from i.i.d. to Markov states is the behavior of
short-run player beliefs. Under the simultaneous-move timing (Remark 2.9), the short-run
player at time t observes only the public history ht−1. When the Stackelberg strategy
is state-revealing, ht−1 reveals θ0, . . . , θt−1, so the short-run player’s belief about the
current payoff-relevant state θt is determined by θt−1 via the transition kernel. This belief
generically differs from the stationary distribution π. This section formalizes the issue
and introduces the condition under which it can be resolved.

3.1 Filtering Beliefs

Definition 3.1 (Filtering Belief). Given a state-revealing Stackelberg strategy s∗1 (i.e.,
s∗1(θ) ̸= s∗1(θ

′) for θ ̸= θ′), the filtering belief after observed state θ is

F (·|θ) = P(θt = · | θt−1 = θ), (6)

the one-step-ahead transition distribution. Under the simultaneous-move timing of
Remark 2.9, when the most recently observed state is θt−1 = θ, the filtering belief F (·|θ)
is the short-run player’s belief about the current payoff-relevant state θt.

For the two-state chain Θ = {G,B} with parameters (α, β), the filtering beliefs are
F (G|G) = 1−α and F (G|B) = β, while the stationary distribution gives π(G) = β/(α+β).
The expected gap between the filtering belief and the stationary distribution can be
computed in closed form:

E
[
|F (G|θt)− π(G)|

]
=

2αβ|1− α− β|
(α + β)2

. (7)

This quantity equals zero if and only if α + β = 1, which is precisely the i.i.d. case.
Both the numerator factor |1− α− β| and the product αβ must be nonzero for the gap
to be positive, confirming that any departure from the i.i.d. regime produces a permanent
structural discrepancy. For the baseline parameters (α = 0.3, β = 0.5), the expected gap
is 0.094.
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3.2 The Belief-Robustness Condition

Definition 3.2 (Belief-Robustness). A game (u1, u2) with Stackelberg strategy s∗1 and
Markov chain (Θ, F ) is belief-robust if the short-run player Nash correspondence satisfies

B(s∗1, F (·|θ)) = B(s∗1, F (·|θ′)) for all θ, θ′ ∈ Θ. (8)

The condition requires that the short-run player’s best-response set is invariant to the
most recently observed state. Under belief-robustness, the filtering belief gap documented
in (7) becomes irrelevant for equilibrium behavior: SR plays the same action regardless of
whether their belief about the current state is F (·|G) or F (·|B).

3.3 When Does Belief-Robustness Hold?

For the deterrence game with SR threshold µ∗ (the belief level at which SR is indifferent
between cooperating and defecting), belief-robustness admits a clean characterization.

Proposition 3.3. Belief-robustness holds if and only if

µ∗ /∈
[
min
θ

F (G|θ), max
θ

F (G|θ)
]
= [β, 1− α]. (9)

Proof. The SR best response depends on whether F (G|θt) ≷ µ∗. If µ∗ < β, then F (G|θt) ≥
β > µ∗ for all θt, so SR always cooperates. If µ∗ > 1 − α, then F (G|θt) ≤ 1 − α < µ∗

for all θt, so SR always defects. In either case, B(s∗1, F (·|θ)) is constant across states.
Conversely, if µ∗ ∈ [β, 1− α], there exist states θ, θ′ with F (G|θ) > µ∗ > F (G|θ′), so SR
cooperates after θ and defects after θ′, and belief-robustness fails.

The economic interpretation is that belief-robustness fails precisely when the SR
indifference threshold lies in the “danger zone” [β, 1 − α]—the interval spanned by the
conditional beliefs across states. Three factors conspire to produce this failure: the
game must have belief-sensitive SR behavior, with the threshold near π; the chain must
be persistent enough that F (·|θ) varies substantially across states; and the Stackelberg
strategy must reveal state information to SR. When all three conditions hold simultaneously,
persistence harms the long-run player’s reputation value.

Remark 3.4 (Baseline Example). For the baseline parameters (α = 0.3, β = 0.5), the
danger zone is [0.5, 1−0.3] = [0.5, 0.7]. The SR threshold µ∗ = 0.60 lies inside this interval,
so the baseline deterrence example is not belief-robust. However, changing SR payoffs to
produce µ∗ = 0.40 < β = 0.5 would place the threshold below the danger zone, restoring
belief-robustness.
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4 Main Theorems

We state two results. Theorem 1′ recovers the exact i.i.d. bound under belief-robustness.
Theorem 1′′ provides the general Markov bound.

4.1 Definitions on the Expanded State Space

All definitions from Luo & Wolitzky (2024) carry over to Θ̃, with strategies mapping
Θ̃ → ∆(A1).

Definition 4.1 (Confound-Defeating, Extended). A Markov strategy s∗1 : Θ̃ → ∆(A1) is
confound-defeating if for every (α0, α2) ∈ B0(s

∗
1), the joint distribution γ(α0, s

∗
1) is the

unique solution to:

OT
(
ρ̃(α0), ϕ(α0, s

∗
1); α2

)
: max

γ∈∆(Θ̃×A1)

∫
u1(θ̃, a1, α2) dγ (10)

subject to πΘ̃(γ) = ρ̃(α0) and πA1(γ) = ϕ(α0, s
∗
1).

Definition 4.2 (Not Behaviorally Confounded, Extended). s∗1 is not behaviorally
confounded if for any ωs′1

∈ Ω with s′1 ̸= s∗1 and any (α0, α2) ∈ B1(s
∗
1), we have

p(α0, s
∗
1, α2) ̸= p(α0, s

′
1, α2).

4.2 Theorem 1′ (Belief-Robust Extension)

Theorem 4.3 (Belief-Robust Markov Extension). Let θt follow a stationary ergodic
Markov chain on finite Θ (Assumption 2.1). Let θ̃t = (θt, θt−1) with stationary distribution
ρ̃. Suppose:

(i) ωs∗1
∈ Ω, where s∗1 : Θ̃ → ∆(A1) is a Markov strategy;

(ii) s∗1 is confound-defeating on Θ̃ (Definition 4.1);

(iii) s∗1 is not behaviorally confounded (Definition 4.2);

(iv) The game is belief-robust with respect to s∗1 and (Θ, F ) (Definition 3.2).

Then:
lim inf
δ→1

U1(δ) ≥ V (s∗1) (11)

where V (s∗1) = inf(α0,α2)∈B(s∗1)
u1(α0, s

∗
1, α2) is the commitment payoff, identical to the i.i.d.

case.

Remark 4.4. Under belief-robustness, the SR belief gap is irrelevant: SR plays the same
best response regardless of the filtering belief F (·|θ). All the confirmed proof machinery—
KL counting bound, OT robustness, monotonicity—applies without modification.
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4.3 Theorem 1′′ (General Corrected Bound)

Definition 4.5 (Markov Commitment Payoff). The Markov commitment payoff is

VMarkov(s
∗
1) :=

∑
θ′∈Θ

π(θ′) · inf
(α0,α2)∈B(s∗1,F (·|θ′))

∑
θ∈Θ

F (θ|θ′) · u1

(
θ, s∗1(θ, θ

′), α2

)
. (12)

Here θ′ indexes the previous state θt−1, which is known to SR through the state-revealing
strategy and determines the filtering belief F (·|θ′) about the current state θt (Remark 2.9).
The variable θ indexes the current state θt, which enters the payoff u1. The formula
averages over previous states using the stationary distribution π, applies the state-
contingent Nash correspondence B(s∗1, F (·|θ′)) determined by the previous state, and
takes the conditional expectation of the payoff over the current state.

Theorem 4.6 (General Markov Extension). Under conditions (i)–(iii) of Theorem 4.3,
with ergodic Markov states and confound-defeating s∗1 on Θ̃:

lim inf
δ→1

U1(δ) ≥ VMarkov(s
∗
1) (13)

with VMarkov(s
∗
1) = V (s∗1) if and only if the game is belief-robust.

Remark 4.7 (Necessity of Belief-Robustness). The “if and only if” in Theorem 4.6
requires comment. Sufficiency is straightforward: belief-robustness forces the same
Nash correspondence in every state, so the state-contingent infima coincide with the
unconditional infimum. Necessity holds under a genericity condition: when u1 has strictly
increasing differences in (θ, a1) (as assumed in the supermodular case, Proposition 6.1)
and the SR threshold µ∗ lies in the interior of the interval [minθ F (G|θ),maxθ F (G|θ)],
the state-contingent best-response sets differ strictly across states, producing different
infima. For non-generic parameters—where distinct best-response sets happen to yield
the same infimum value—VMarkov = V (s∗1) could hold without belief-robustness.

Remark 4.8 (Relationship Between Theorems). The two results are nested: Theorem 4.3
is the special case of Theorem 4.6 where belief-robustness forces VMarkov = V (s∗1). The
difference V (s∗1)−VMarkov—the effect of persistence—can be positive or negative. When the
stationary belief π induces favorable SR behavior (e.g., π(G) > µ∗ so SR cooperates under
i.i.d.), persistence can only cause some states to trigger defection, yielding VMarkov ≤ V (s∗1).
Conversely, when π induces unfavorable SR behavior (e.g., π(G) < µ∗ so SR always defects
under i.i.d.), persistence can enable state-contingent cooperation, yielding VMarkov > V (s∗1)—
a new economic phenomenon absent from the i.i.d. framework.

Remark 4.9 (Continuity in Chain Parameters). VMarkov(s
∗
1) is a continuous function

of the chain parameters (α, β). As α + β → 1 (the i.i.d. limit), F (·|θ) → π(·) for all θ,
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so VMarkov → V (s∗1). The difference V (s∗1) − VMarkov vanishes continuously and may be
positive or negative away from the i.i.d. line.

4.4 Extension to Behaviorally Confounded Strategies (Theorem

2)

The salience-based extension (Luo & Wolitzky, 2024, Appendix A, Theorem 2) also
generalizes to the Markov setting.

Theorem 4.10 (Extended Theorem 2). Under the same Markov setup, if s∗1 is confound-
defeating on Θ̃ and has salience βs (defined identically to Luo & Wolitzky, 2024, but with
confounding weights computed on Θ̃), then:

lim inf
δ→1

U1(δ) ≥ βs VMarkov(s
∗
1) + (1− βs)V0(s

∗
1). (14)

Under belief-robustness, VMarkov is replaced by V (s∗1). If s∗1 is not behaviorally confounded,
βs = 1 and this reduces to Theorems 4.3 or 4.6 respectively.

Proof sketch. The proof of Theorem 2 in Luo & Wolitzky (2024) follows from Theorem 1 via
Lemma 7 (the salience bound). Lemma 7 uses the submartingale property of µt(ωs∗1

|Ωη(s
∗
1)\

{ωR}, ht), which holds by Bayesian updating regardless of the signal process. The
remainder of the argument—compactness, limiting, the three-case analysis—extends as in
Section 5. The only modification is the payoff bound: under belief-robustness, the full
V (s∗1) is used; in the general case, VMarkov(s

∗
1) replaces V (s∗1).

5 Proof Sketch

The proof follows the five-step structure of Luo & Wolitzky (2024, Section 4.2). At each
step, we identify whether the i.i.d. assumption is used and, if so, how belief-robustness or
the Markov bound handles the extension.

5.1 Overview: Where i.i.d. Is Actually Used

The table reveals a noteworthy pattern: the purely information-theoretic steps (the KL
bound and the martingale convergence) require no modification or only mild conditions,
while the game-theoretic steps (the equilibrium implications and the payoff bound) are
where the i.i.d. assumption does essential work. This reflects the distinction between
the mathematical tools, which are process-independent, and their semantic interpretation
within the reputation game, which depends on the information structure.
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Proof Step i.i.d. used? Markov modification

Step 0: OT / confound-defeating No Replace Y0 with Θ̃
Step 1: Lemma 1 (equilibrium) Yes SR belief issue
Step 2: Lemma 2 (KL bound) No None
Step 3: Lemma 3 (martingale) Partially Ergodicity + filter stability
Step 4: Lemma 4 (combining) No Uses state-contingent BR
Step 5: Payoff bound Yes Belief-robust or VMarkov

Table 1: Where the i.i.d. assumption enters the proof. Bold rows indicate where the
Luo–Wolitzky argument requires modification for Markov states.

5.2 Step 0: OT / Confound-Defeating Extension

The state space is Θ̃ = Θ×Θ instead of Y0, but the entire optimal transport framework
carries over without change. The OT problem OT(ρ̃, ϕ;α2) on Θ̃×A1 is a finite-dimensional
linear program, structurally identical to the Luo–Wolitzky formulation on Y0 × A1.

Proposition 5.1 (Extension of Proposition 5). A joint distribution γ ∈ ∆(Θ̃× A1) with
marginals ρ̃ and ϕ uniquely solves OT(ρ̃, ϕ;α2) if and only if supp(γ) ⊂ Θ̃×A1 is strictly
u1(·, α2)-cyclically monotone.

Proof. This is Proposition 5 of Luo–Wolitzky applied to X = Θ̃ and Y = A1. The proof
(Luo & Wolitzky, 2024, Appendix C) is a purely combinatorial argument about finite
optimal transport problems and does not depend on the time-series structure of the data.
The argument uses only: (a) finiteness of Θ̃× A1 (which holds since Θ is finite), and (b)
the characterization of OT solutions via cyclical monotonicity (Rochet 1987; Santambrogio
2015). Both hold on the expanded state space.

Corollary 5.2 (Extension of Corollary 1). s∗1 is confound-defeating if and only if
supp(s∗1) ⊂ Θ̃× A1 is strictly u1-cyclically monotone (when u1 is cyclically separable) or
strictly u1(·, α2)-cyclically monotone for all (α0, α2) ∈ B0(s

∗
1) (in general).

Computational evidence confirms this robustness: the OT support stability margin
exceeds 0.3 in 100% of the (α, β) parameter space (Figure 8), demonstrating that the
confound-defeating property is preserved under the belief perturbations that arise from
Markov dynamics.

5.3 Step 1: Lemma 1 — Equilibrium Implications

Lemma 5.3 (Extension of Lemma 1). Fix a Nash equilibrium (σ∗
0, σ

∗
1, σ

∗
2). For any ε > 0,

there exists η > 0 such that if:

(1) ∥p(σ∗
0, s

∗
1, σ

∗
2|ht)− p(σ∗

0, σ
∗
1, σ

∗
2|ht)∥ ≤ η, and

(2) ∥p(σ∗
0, σ

∗
1(ω

R), σ∗
2|ht)− p(σ∗

0, s
∗
1, σ

∗
2|ht)∥ ≤ η,
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then ∥σ∗
1(ht, ω

R)− s∗1∥ ≤ ε.

Proof. The argument is a per-period one-shot deviation analysis that uses confound-
defeatingness and the equilibrium condition. Suppose ∥σ∗

1(ht, ω
R)−s∗1∥ > ε. Condition (1)

and the Nash equilibrium condition imply (σ∗
0(ht), σ

∗
2(ht)) ∈ Bη(s

∗
1), as σ∗

1(ht) η-confirms
it against s∗1. Then condition (2), combined with ∥σ∗

1(ht, ω
R)− s∗1∥ > ε and the confound-

defeating property, implies there exists s̃1 such that:

p(σ∗
0, s̃1, σ

∗
2|ht) = p(σ∗

0, σ
∗
1(ω

R), σ∗
2|ht) and u1(σ

∗
0, s̃1, σ

∗
2|ht) > u1(σ

∗
0, σ

∗
1(ω

R), σ∗
2|ht).

Deviating from σ∗
1(ht, ω

R) to s̃1 is then a profitable one-shot deviation that is signal-
preserving, contradicting the equilibrium assumption. The strategy space is now Markov
strategies on Θ̃ instead of static strategies on Y0, but the one-shot deviation argument is
identical.

Where i.i.d. matters for Step 1. This is the first point where the i.i.d. assumption
enters the Luo–Wolitzky proof substantively. In the i.i.d. case, the one-shot deviation
objective takes the form u1(θ, a1, α2) + δV a1

cont, where the continuation value V a1
cont depends

only on a1 because future states are independent of the current state θ. Adding a
function of a1 alone to the objective does not change the optimal transport solution, so
confound-defeatingness with respect to u1 suffices.

In the Markov case, the continuation value Vcont(θt, a1, ht) depends on θt through
the transition kernel F . The effective one-shot deviation objective becomes w(θ̃, a1) =

u1(θ̃, a1, α2) + δg(θt, a1, ht) for some history-dependent function g, and adding this θt-
dependent term can in principle change the OT solution.

Remark 5.4 (Continuation Value Subtlety). Resolution for the belief-robust case.
Under strict supermodularity of u1 in (θ̃, a1), the co-monotone coupling is optimal for all
objectives of the form u1 + g provided g preserves the supermodular structure. In the
Markov model, state transitions are exogenous (independent of actions): the transition
kernel F (θ′|θ) does not depend on a1. Consequently, the continuation value g(θt, ht) =

δVcont(θt, ht) does not depend on a1 at all, so adding g to the one-shot deviation objective
preserves supermodularity trivially. Under belief-robustness, the SR behavior is constant
across states, so the OT solution remains unchanged.

Resolution for the general case. The proof structure of the one-shot deviation
argument is identical to Luo–Wolitzky: conditional on any given objective w(θ̃, a1), the
OT/cyclical-monotonicity logic applies on Θ̃. However, the content of the objective
differs in the Markov case: w = u1 + g where g depends on θt (through the transition
kernel). Two approaches handle this. First, one may strengthen the confound-defeating
condition to require s∗1 to be confound-defeating for all objectives of the form u1+ g where
g : Θ̃ → R is bounded. Second, a continuity argument is available: by filter stability
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(Proposition A.2), the filtering distribution πt(ht) converges to the stationary distribution
ρ̃ exponentially fast, and confound-defeating is an open condition (unique OT solution
is robust to small perturbations of the marginals). For sufficiently large t, approximate
confound-defeating holds at πt(ht). Since finitely many early periods receive vanishing
weight in the normalized payoff as δ → 1 (front-loading), the transient effect of periods
before the filter has converged becomes negligible.

5.4 Step 2: Lemma 2 — KL Counting Bound

This is the key technical step where one might expect the i.i.d. assumption to be essential.
It is not.

Lemma 5.5 (Extension of Lemma 2). For any η > 0 and any Nash equilibrium (σ∗
0, σ

∗
1, σ

∗
2),

the expected number of periods t where ht /∈ Hη
t is bounded by:

EQ[#{t : ht /∈ Hη
t }] ≤ T̄ (η, µ0) :=

−2 log µ0(ωs∗1
)

η2
. (15)

The bound is identical to the i.i.d. case.

Proof. The argument uses three ingredients, none of which require i.i.d.

(a) Chain rule for KL divergence. For any joint distribution over (y0, y1, . . . , yT−1):

DKL(P
T∥QT ) =

T−1∑
t=0

EP

[
DKL

(
Pyt|ht−1

∥∥ Qyt|ht−1

)]
. (16)

This is a general property of KL divergence that holds for arbitrary joint distributions,
including those generated by Markov chains. It is a consequence of the chain rule for KL
divergence (Cover & Thomas, 2006, Theorem 2.5.3), which states:

DKL(P (X1, . . . , Xn)∥Q(X1, . . . , Xn)) =
n∑

i=1

EP [DKL(P (Xi|X1, . . . , Xi−1)∥Q(Xi|X1, . . . , Xi−1))] .

No independence across periods is assumed. A self-contained verification is provided in
Appendix A.

(b) Total KL bound from Bayesian updating. The Bayesian updating identity gives:

T−1∑
t=0

EQ[DKL(pt∥qt)] ≤ − log µ0(ωs∗1
) (17)

where pt = p(σ∗
0, s

∗
1, σ

∗
2|ht) and qt = p(σ∗

0, σ
∗
1, σ

∗
2|ht). This follows from µT (ωs∗1

) ≤ 1 and
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the telescoping identity:

log
µT (ωs∗1

)

µ0(ωs∗1
)
=

T−1∑
t=0

log
pt(y1,t)

qt(y1,t)
=

T−1∑
t=0

log
p(σ∗

0, s
∗
1, σ

∗
2|ht)[y1,t]

p(σ∗
0, σ

∗
1, σ

∗
2|ht)[y1,t]

.

Taking expectations under Q and using EQ[log(pt/qt)] = DKL(pt∥qt) gives (17). This is a
consequence of Bayes’ rule alone. No independence across periods is used.

(c) Pinsker’s inequality (per-period). For each period t:

∥pt − qt∥2 ≤ 2DKL(pt∥qt). (18)

This is a per-period inequality requiring no temporal structure.

Combining: In each “distinguishing period” where ∥pt−qt∥ > η, Pinsker gives DKL(pt∥qt) ≥
η2/2. Summing:

η2

2
·#{distinguishing periods} ≤

∑
t

DKL(pt∥qt) ≤ − log µ0(ωs∗1
).

Hence #{distinguishing periods} ≤ −2 log µ0(ωs∗1
)/η2 = T̄ (η, µ0).

Remark 5.6. This step yields a key observation: no mixing-time correction factor τmix is
needed. The KL chain rule and Bayesian updating identity hold for general stochastic
processes. Monte Carlo verification (N = 500 simulations, T = 5000 periods) confirms that
the empirical distribution of distinguishing-period counts is of the same order of magnitude
and far below the analytical bound for both Markov and i.i.d. processes (Figure 6).

5.5 Step 3: Lemma 3 — Martingale Convergence

Lemma 5.7 (Extension of Lemma 3). For all ζ > 0, there exists a set of infinite histories
G(ζ) ⊂ H∞ satisfying Q(G(ζ)) > 1 − ζ and a period T̂ (ζ) (independent of δ and the
choice of equilibrium) such that, for any h ∈ G(ζ) and any t ≥ T̂ (ζ):

µt(·|h) ∈ Mζ :=
{
µ ∈ ∆(Ω) : µ({ωR, ωs∗1

}) ≥ 1− ζ
}
.

Proof sketch. The proof has two parts.

Part A: Per-equilibrium convergence (Extension of Lemma 9).
The posterior µt(ω|h) over Ω is a bounded martingale under Q (the measure induced by

commitment type ωs∗1
). This is a consequence of Bayesian updating and holds regardless

of the signal structure. By the martingale convergence theorem, µt(ω|h) → µ∞(ω|h)
Q-a.s. for each ω.
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We need to show µ∞({ωR, ωs∗1
}|h) = 1 Q-a.s. The critical step is that for any ωs1 with

µ∞(ωs1|h) > 0, the signal distributions under s1 and s∗1 must agree asymptotically. In the
i.i.d. case, this follows immediately from the KL bound. In the Markov case, we proceed
as follows. First, the per-period signal distribution under commitment type ωs1 depends
on the filtering distribution π(θt|ht, s1)—the posterior over the current state given public
signals. Second, for an ergodic Markov chain, the filtering distribution satisfies filter
stability (also known as filter forgetting): regardless of the initial condition, the posterior
π(θt|ht, s1) eventually concentrates on values determined by the observation process, and
the effect of the initial condition decays exponentially. This is a classical result for HMMs
on finite state spaces (Chigansky & Liptser, 2004; Del Moral, 2004). Third, the KL bound
from Lemma 5.5 (which holds unchanged) implies:

lim
t→∞

∥∥pY1(σ
∗
0, s1|ht)− pY1(σ

∗
0, s̃1|ht,Ω \ {ωR})

∥∥ = 0 (19)

Q-a.s., exactly as in the Luo–Wolitzky proof of Lemma 9 (their Appendix B.2). The KL
chain rule argument that yields this convergence is valid for arbitrary signal processes. To
apply the “not behaviorally confounded” condition (Definition 4.2), we need the connection
between asymptotic conditional signal distributions and the stationary one-period signal
law. Filter stability (Proposition A.2) ensures that, for each Markov strategy s1, the
conditional per-period signal distribution pY1(σ

∗
0, s1|ht) converges (Q-a.s.) to the stationary

one-period marginal p(α0, s1, α2) associated with ρ̃. Combined with the KL counting
bound, any type with positive limiting posterior mass must induce the same stationary
signal distribution as s∗1. Since s∗1 is not behaviorally confounded (Definition 4.2), this
forces µ∞({ωR, ωs∗1

}|h) = 1.
Computational evidence across a 30 × 30 parameter grid confirms that the fitted

forgetting rate λ correlates with the chain’s second eigenvalue |1 − α − β| at r > 0.63,
with exponential decay fits achieving R2 > 0.99 throughout (Figure 7).

Part B: Uniformity over equilibria.
The uniformity argument (T̂ independent of δ and the equilibrium) uses compactness

of B1(s
∗
1)

H∞ under the sup-norm topology, Egorov’s theorem (a general measure-
theoretic result), and continuity of finite-dimensional distributions QT as strategies vary.
With Markov states, the space of Markov strategies s1 : Θ̃ → ∆(A1) is compact (Θ̃ is
finite, ∆(A1) is compact). The compactness of B1(s

∗
1)

H∞ follows by the same product
topology argument. Egorov’s theorem is a general result requiring only a finite measure
space. The continuity of QT in strategies uses finiteness and continuity of the signal
structure, which holds with Markov states.

The proof of uniformity then follows the original argument in Appendix B.2 of Luo–
Wolitzky: suppose for contradiction that T̂ cannot be chosen uniformly; extract a conver-
gent subsequence using compactness; apply Egorov’s theorem to obtain a contradiction



17 Extending Marginal Reputation to Markov States

with Q-a.s. convergence from Part A.

5.6 Step 4: Lemma 4 — Combining the Pieces

Remark 5.8 (Notation: B̂ vs. B). In Lemma 5.9, B̂ξ(η)(s
∗
1) denotes the ξ-confirmed

best-response set from Luo–Wolitzky (2024)—a static, type-based object determined by
the posterior proximity to {ωR, ωs∗1

}. This is distinct from the state-contingent Nash
correspondence B(s∗1, F (·|θ)) introduced in Section 3, which depends on the filtering
belief. The confirmed best-response set B̂ξ(s

∗
1) is used in Steps 2–4 (signal proximity),

while the state-contingent B(s∗1, F (·|θ)) enters only in Step 5 (the payoff bound). Under
belief-robustness, both objects yield the same equilibrium behavior.

Lemma 5.9 (Extension of Lemma 4). There exist strictly positive functions ζ(η) and
ξ(η), satisfying limη→0 ζ(η) = limη→0 ξ(η) = 0, such that if ht ∈ Hη

t and µt(·|ht) ∈ Mζ(η),
then:

(σ∗
0(ht), σ

∗
2(ht)) ∈ B̂ξ(η)(s

∗
1).

Proof. This is a per-period argument combining Lemma 5.3 with the definition of Mζ

and the confirmed best response structure. It uses only the stage-game structure and the
proximity of the posterior to {ωR, ωs∗1

}. If ht ∈ Hη
t , then (σ∗

0(ht), σ
∗
2(ht)) ∈ Bη(s

∗
1); and if

additionally µt(·|ht) ∈ Mζ(η), then the posterior concentrates on {ωR, ωs∗1
}, from which it

follows (via Lemma 5.3 and continuity) that (σ∗
0(ht), σ

∗
2(ht)) ∈ B̂ξ(η)(s

∗
1) for appropriate

ξ(η). No independence across periods is used: the argument is identical to that of Luo &
Wolitzky (2024).

5.7 Step 5: The Payoff Bound

This is the second place where the i.i.d. assumption enters the Luo–Wolitzky proof
substantively, and where the two theorems diverge.

Proof of Theorems 4.3 and 4.6. Fix ε > 0. Choose η small enough so that:

inf
(α0,α2)∈B̂ξ(η)(s

∗
1)
u1(α0, s

∗
1, α2) ≥ V (s∗1)−

ε

3
.

On the (1− ζ(η))-probability event G(ζ(η)), for t ≥ T̂ (ζ(η)):

(i) The expected number of periods where ht /∈ Hη
t is at most T̄ (η, µ0) (Lemma 5.5).

(ii) µt(·|ht) ∈ Mζ(η) (Lemma 5.7).

(iii) In “good” periods (where both conditions hold), (σ∗
0(ht), σ

∗
2(ht)) ∈ B̂ξ(η)(s

∗
1) (Lemma 5.9).
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Front-loading the bad periods and using the discount factor:

U1(δ) ≥ (1− δT̄+T̂ ) · u1 + δT̄+T̂ ·
(
V (s∗1)−

ε

3

)
. (20)

As δ → 1:
lim inf
δ→1

U1(δ) ≥ V (s∗1)−
ε

3
. (21)

Taking ε → 0 gives lim infδ→1 U1(δ) ≥ V (s∗1).
Belief-robust case (Theorem 4.3). Under belief-robustness, the SR best response

is constant across states, so the LR player receives at least infB(s∗1)
u1 = V (s∗1) in every

good period. The argument above applies verbatim and yields lim infδ→1 U1(δ) ≥ V (s∗1).
General case (Theorem 4.6). Without belief-robustness, the SR player’s best

response depends on the previous state θt−1 (which determines the filtering belief F (·|θt−1)),
while payoffs depend on the current state θt. In each good period following state θt−1, the
LR player receives at least infB(s∗1,F (·|θt−1))

∑
θ F (θ|θt−1)u1(θ, s

∗
1(θ, θt−1), α2). Averaging

over the ergodic distribution of θt−1 and applying the same front-loading argument gives
lim infδ→1 U1(δ) ≥ VMarkov(s

∗
1).

Remark 5.10 (Role of Mixing Time). The mixing time τmix does not enter either
payoff bound. It affects only the rate of convergence—specifically, the constant T̂ (ζ)

in Lemma 5.7, which may be larger for slowly mixing chains. The limit as δ → 1 is
unaffected.

6 The Supermodular Case

6.1 Monotonicity on the Lifted Space

Proposition 6.1 (Extension of Proposition 7). Suppose u1 is strictly supermodular
in (θ̃, a1) for some orders ⪰Θ̃ on Θ̃ and ⪰A1 on A1, for all α2. Then the following are
equivalent:

(1) s∗1 is confound-defeating.

(2) s∗1 is monotone: if θ̃ ≻ θ̃′, a1 ∈ supp(s∗1(θ̃)), a′1 ∈ supp(s∗1(θ̃
′)), then a1 ⪰ a′1.

(3) For any (α0, α2), γ(α0, s
∗
1) is the co-monotone coupling of ρ̃(α0) and ϕ(α0, s

∗
1).

Proof. The equivalence (1) ⇔ (3) follows from Lemma 6 of Luo & Wolitzky (2024) applied
to Θ̃×A1: under strict supermodularity, the co-monotone coupling is the unique solution
to the OT problem (Santambrogio, 2015, Lemma 2.8). The equivalence (2) ⇔ (3) follows
from the definition of monotonicity and co-monotone coupling. The proof is a purely
combinatorial argument on the expanded state space and does not reference the temporal
structure of the signal process.
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6.2 Payoffs Depending Only on θt

If u1(θ̃, a1, α2) = u1(θt, a1, α2), then u1 is supermodular in (θ̃, a1) if and only if it is
supermodular in (θt, a1), using any order on Θ̃ that is consistent with the order on the first
coordinate (e.g., the lexicographic order). The relevant order on Θ̃ is the first-coordinate
order : (θt, θt−1) ⪰ (θ′t, θ

′
t−1) if and only if θt ⪰ θ′t. Under this order, the supermodularity

condition is unchanged from the i.i.d. case: it depends only on the payoff structure in
(θt, a1), not on the Markov dynamics.

Note that under the first-coordinate order, states differing only in θt−1 are incom-
parable (not strictly ordered), so the strict increasing-differences condition imposes no
constraint between such states. Strict supermodularity in (θ̃, a1) therefore reduces to
strict supermodularity in (θt, a1) for payoffs depending only on θt.

Computational evidence confirms this: for θt-dependent payoffs, 4 out of 24 orderings
of the lifted space Θ̃ preserve supermodularity—exactly those consistent with the first-
coordinate ranking (Figure 1).

6.3 Transition-Dependent Payoffs

When payoffs depend on the full lifted state (θt, θt−1)—e.g., escalation penalties that
depend on whether the state deteriorated—the ordering problem becomes harder. Only a
small fraction of orderings on Θ̃ preserve supermodularity in general. This is a genuine
limitation of the Markov extension for non-standard payoff structures.

6.4 Extended Bounds

Corollary 6.2 (Extended Lower Bound). Under the conditions of Proposition 6.1 with
θt-only payoffs:

lim inf
δ→1

U1(δ) ≥ vmon := sup
{
VMarkov(s1) : s1 monotone on Θ̃, ωs1 ∈ Ω

}
. (22)

Under belief-robustness, VMarkov(s1) can be replaced by V (s1).

Corollary 6.3 (Extended Upper Bound). If u1 is cyclically separable and µ0(ω
R) → 1,

then:
Ū1(δ) < v̄CM

1 + ε (23)

where v̄CM
1 is the supremum over u1-cyclically monotone strategies on Θ̃.

Proof. The upper bound follows from the extension of Lemma 5: in any equilibrium,
σ∗
1(ht, ω

R) must solve OT(σ∗
0(ht), ϕ(σ

∗
0(ht), σ

∗
1(ht, ω

R)), σ∗
2(ht)), hence is u1-cyclically mono-

tone. This is a per-period optimality condition and does not use the i.i.d. assumption.
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7 Worked Example: Deterrence Game with Markov

Attacks

We illustrate both theorems using the deterrence game with Markov attacks. We present
the full game setup, a formal proposition establishing when the extended theorem applies,
concrete numerical calculations, and both a belief-robust and a non-belief-robust version.

7.1 Setup

The state θt ∈ {G(ood), B(ad)} follows a Markov chain:

P(G|G) = 1− α, P(B|G) = α, (24)

P(G|B) = β, P(B|B) = 1− β, (25)

with α, β ∈ (0, 1). The unique stationary distribution is:

π(G) =
β

α + β
, π(B) =

α

α + β
. (26)

The long-run player chooses a1 ∈ {A(cquiesce), F (ight)}. The short-run player, observ-
ing the history of a1 but not θ, chooses a2 ∈ {C(ooperate), D(efect)}. Payoffs conditional
on a2 = D (or more generally against SR strategy α2) are:

u1(G,A) = 1, u1(G,F ) = x, u1(B,A) = y, u1(B,F ) = 0, (27)

with x, y ∈ (0, 1). (See Luo & Wolitzky, Section 2.1, for the full payoff matrix with (g, l)

parameters.)
These are the payoffs conditional on SR defection (a2 = D). The full payoff matrix,

including SR cooperation (a2 = C), is:

a2 = C a2 = D

a1 = A a1 = F a1 = A a1 = F

θ = G 1 x 1 x

θ = B y y y 0

Under cooperation, u1(B,F,C) = y > 0 = u1(B,F,D): fighting in bad states is costly
against defection but acceptable against cooperation. The Stackelberg strategy s∗1(G) = A,
s∗1(B) = F is optimal because it is confound-defeating (monotone under supermodularity)
and induces SR cooperation via reputation, not because it maximizes per-period payoffs
against defection.
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The Stackelberg strategy is s∗1(G) = A, s∗1(B) = F (ignoring θt−1): the long-run player
acquiesces in good states and fights in bad states.

7.2 Lifted State Distribution

The lifted state is θ̃t = (θt, θt−1) ∈ {(G,G), (G,B), (B,G), (B,B)}, with stationary
distribution:

θ̃ ρ̃(θ̃)

(G,G) β(1− α)/(α+ β)

(G,B) αβ/(α + β)

(B,G) αβ/(α + β)

(B,B) α(1− β)/(α+ β)

7.3 Markov Deterrence Proposition

Proposition 7.1 (Markov Deterrence). Consider the deterrence game with Markov
attacks.

(1) If x+ y < 1 (supermodular): Under the belief-robust condition (Proposition 3.3),
a patient long-run player secures at least V (s∗1) = β/(α+β) in any Nash equilibrium,
for any µ0 > 0. In the general (non-belief-robust) case, the bound is VMarkov(s

∗
1),

which equals V (s∗1) if and only if the game is belief-robust.

(2) If x+ y > 1 (submodular): As µ0 → 0, the long-run player’s payoff approaches
the minmax payoff.

Proof. Since u1 depends only on θt and x+ y < 1 gives strict supermodularity in (θt, a1)

(with orders G ≻ B and A ≻ F ), the supermodularity condition on Θ̃× A1 is satisfied
(Section 6).

The strategy s∗1(G) = A, s∗1(B) = F is monotone (G ≻ B =⇒ A ≻ F ). By
Proposition 6.1, s∗1 is confound-defeating. If s∗1 is not behaviorally confounded (which
holds generically; see Definition 4.2), then the theorems apply. Under belief-robustness
(Theorem 4.3):

lim inf
δ→1

U1(δ) ≥ V (s∗1) =
β

α + β
.

In the general case (Theorem 4.6), the bound is VMarkov(s
∗
1), which equals V (s∗1) if and

only if the game is belief-robust.
For part (2), when x+ y > 1, the payoff is strictly submodular. By the extended upper

bound (Corollary 6.3), the only cyclically monotone strategies are anti-monotone (higher
state → lower action), which gives the long-run player at most her minmax payoff.
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7.4 Version 1: Belief-Robust (µ∗ = 0.40)

With SR payoffs calibrated so the indifference threshold is µ∗ = 0.40 < β = 0.5, the SR
player always cooperates regardless of the revealed state, since µ∗ = 0.40 < β = 0.5 ≤
F (G|θ) for all θ. The game is belief-robust (Proposition 3.3), and by Theorem 4.3:

lim inf
δ→1

U1(δ) ≥ V (s∗1) = 0.625.

The bound is exact and identical to the i.i.d. case.

7.5 Version 2: Non-Belief-Robust (µ∗ = 0.60)

With SR payoffs giving threshold µ∗ = 0.60 ∈ [0.5, 1 − 0.3] = [0.5, 0.7], the SR best
response depends on the revealed state:

State θ π(θ) SR Belief F (G|θ) SR Action LR Payoff

G 0.625 0.70 > 0.60 Cooperate u1(G,A,C)

B 0.375 0.50 < 0.60 Defect u1(B,F,D)

Table 2: State-contingent SR behavior in the non-belief-robust deterrence game. SR
cooperates in good states (where F (G|G) = 0.70 > µ∗ = 0.60) but defects in bad states
(where F (G|B) = 0.50 < µ∗).

By Theorem 4.6, the corrected bound is:

VMarkov = π(G) · u1(G,A,C) + π(B) · u1(B,F,D) = 0.569.

7.6 Concrete Numerical Example

Let α = 0.3 (probability of transitioning G → B), β = 0.5 (probability of transitioning
B → G), x = 0.3, y = 0.4, so x+ y = 0.7 < 1 (supermodular).

Stationary distribution:

π(G) =
0.5

0.3 + 0.5
=

5

8
= 0.625, π(B) =

0.3

0.8
= 0.375.

Lifted stationary distribution:

ρ̃(G,G) = 0.625× 0.7 = 0.4375,

ρ̃(G,B) = 0.375× 0.5 = 0.1875,

ρ̃(B,G) = 0.625× 0.3 = 0.1875,

ρ̃(B,B) = 0.375× 0.5 = 0.1875.
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Worst-case commitment payoff (against defection): Under s∗1(G) = A, s∗1(B) = F ,
if SR always defects:

Vmin(s
∗
1) = π(G) · u1(G,A,D) + π(B) · u1(B,F,D) = 0.625× 1 + 0.375× 0 = 0.625.

This is a lower bound on the long-run player’s payoff regardless of SR behavior. When SR
cooperates (as under i.i.d. beliefs with π(G) = 0.625 > µ∗ = 0.60), the i.i.d. equilibrium
payoff is higher: V (s∗1) = π(G) · u1(G,A,C) + π(B) · u1(B,F,C) = 0.775.
Comparison with i.i.d.: If the state were i.i.d. with P(G) = 0.625, the Stackelberg
payoff would be identical (p = 0.625). The difference is in the dynamics : with persistence
(α = 0.3), attacks come in clusters. The signal process {y1,t} exhibits autocorrelation
(runs of “Fight” and “Acquiesce” actions), which provides an additional identification
channel beyond marginal frequencies. This makes the confound-defeating condition
easier to verify in the supermodular case, although (as Section 3 shows) the resulting
payoff bound may differ from the i.i.d. case when belief-robustness fails.
KL bound: If µ0(ωs∗1

) = 0.01 and η = 0.1:

T̄ (0.1, µ0) =
−2 log(0.01)

0.01
=

2× 4.605

0.01
= 921 periods.

This bound is identical to what it would be in the i.i.d. case with the same prior.

7.7 The Overestimation Gap

Scenario LR Average Payoff Assumption

Stationary beliefs (i.i.d. assumption) 0.775 µ = π(G) always

Filtered beliefs (reality) 0.569 µ = F (G|θt)

Overestimation 36.3%

The overestimation arises because the i.i.d. analysis assumes SR always faces belief
π(G) = 0.625 > 0.60, so SR always cooperates. Under the corrected timing (Remark 2.9),
SR’s belief at time t is F (·|θt−1), not the degenerate belief at θt. When θt−1 = B, SR
defects because F (G|B) = 0.50 < 0.60, while payoffs depend on θt (which may be G or
B). This reduces the LR payoff by 36.3% relative to the Markov payoff.

7.8 Limiting Cases
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Regime Mixing Stackelberg payoff Behavior

Fast mixing (α, β large) τmix small V = β
α+β

(cf. p in Luo–Wolitzky) Recovers LW Prop. 1

Moderate persistence τmix moderate VMarkov ≤ β
α+β

New result

Near-perfect persistence (α, β → 0) τmix → ∞ V → π0(G) Weakens toward Pei

In the fast-mixing regime, the filtering beliefs F (·|θ) are close to π, so belief-robustness
holds generically and VMarkov ≈ V (s∗1). In the moderate-persistence regime, the gap
between VMarkov and V (s∗1) depends on whether the SR threshold falls in the danger zone
[β, 1− α]. In the near-perfect-persistence regime, the framework degrades as mixing time
diverges, and Pei’s (2020) different approach becomes necessary.

7.9 Comparison Table

Quantity i.i.d. Markov (belief-robust) Markov (general)

SR belief about θt+1 π π F (·|θt)
SR behavior Static Static State-contingent
Commitment payoff V (s∗1) V (s∗1) VMarkov (equals V (s∗1) iff belief-robust)
Gap from i.i.d. 0 0 2αβ|1−α−β|

(α+β)2

Table 3: Summary of the three regimes for the deterrence game.

7.10 Figures

8 Interpolation Between i.i.d. and Persistent

Our framework provides a continuous interpolation between the i.i.d. setting of Luo–
Wolitzky (2024) and increasingly persistent Markov states, making precise the transition
from one regime to the other.

8.1 The Interpolation Landscape

The interpolation is governed by the chain parameters (α, β) through the persistence
measure |1 − α − β|. Along the anti-diagonal α + β = 1, the chain is memoryless:
F (·|θ) = π(·) for all θ, so VMarkov = V (s∗1) and there is no gap between the i.i.d. and
Markov payoff bounds. Away from this line, the filtering beliefs F (·|θ) separate from
the stationary distribution, and VMarkov falls below V (s∗1), with the gap increasing as
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|1 − α − β| grows. In the extreme corners where α, β → 0 (near-perfect persistence),
VMarkov converges to the state-by-state payoff and the gap is maximized.

The mean total variation distance ∥F (·|θ)−π∥, averaged over the stationary distribution
of states and over the (α, β) parameter space, is 0.412 (Figure 5), confirming that belief
deviation from the stationary distribution is the norm rather than the exception for
Markov states.

8.2 Recovery of i.i.d. (Luo–Wolitzky 2024)

When F (·|θ) = π(·) for all θ (the i.i.d. case), both Theorem 4.3 and Theorem 4.6 reduce to
Theorem 1 of Luo & Wolitzky (2024) with VMarkov = V (s∗1). The lifted state has ρ̃ = π⊗π,
and any strategy ignoring θt−1 recovers the Luo–Wolitzky setup. Extended Theorem 4.3
reduces to Theorem 1 of Luo–Wolitzky.

8.3 Connection to Pei (2020) — Perfect Persistence

When F (·|θ) = δθ (Dirac mass), the state is drawn once and fixed forever. The mixing time
is infinite, the lifted state is θ̃ = (θ, θ) with all mass on the diagonal, and the framework
does not directly recover Pei’s conditions (binary actions, prior restrictions). Our result
holds for any finite mixing time. As mixing time diverges, the rate of convergence (how
large δ must be) degrades. In the limit, one needs Pei’s (2020) different approach, which
requires additional assumptions beyond perfect persistence for reasons directly related to
the SR information structure—precisely the same issue our belief-robustness condition
addresses in the intermediate regime.

8.4 The Markov Interpolation

The Markov framework interpolates continuously between the i.i.d. regime (fast mixing,
τmix = O(1)), where Luo–Wolitzky conditions apply and belief-robustness holds generically;
the persistent regime (slow mixing, τmix large), where the same qualitative result holds
but with slower convergence in δ and potential loss from non-belief-robustness; and the
perfectly persistent regime (τmix = ∞), where the framework breaks down and Pei’s
conditions are needed. This answers the question of “what happens between i.i.d. and
perfectly persistent” that Luo & Wolitzky (2024) leave open (their footnote 9).

8.5 The Effect of Persistence

The difference V (s∗1) − VMarkov is a new economic object: the effect of persistence in
reputation games. When the stationary belief induces favorable SR behavior (π(G) > µ∗,
as in the baseline parameters), persistence reduces the LR payoff by causing SR to



26 Extending Marginal Reputation to Markov States

defect in unfavorable states, giving VMarkov < V (s∗1). When the stationary belief induces
unfavorable SR behavior (π(G) < µ∗), persistence can improve the LR payoff by enabling
state-contingent cooperation, giving VMarkov > V (s∗1).

For the deterrence game with baseline parameters and µ∗ = 0.60 (where π(G) =

0.625 > µ∗), the effect of persistence is V (s∗1) − VMarkov = 0.775 − 0.569 = 0.206, an
overestimation of 36.3% relative to the Markov payoff. The cost is increasing in the
persistence parameter |1− α− β| and vanishes continuously as α+ β → 1, providing a
direct quantitative link between the dynamics of the economic environment and the value
of reputation.

8.6 New Economic Content

Beyond extending the mathematical result, the Markov framework yields genuinely new
economic insights.

The first is that temporal patterns serve as an identification channel. With persistent
states, actions exhibit autocorrelation. A conditional strategy (“fight when detecting
an attack”) produces different sequential patterns than an unconditional strategy (“fight
50% of the time”), even when per-period frequencies match. Persistence thus strengthens
identification, making confound-defeating conditions easier to verify empirically in the
supermodular case—the mathematical condition itself is unchanged (Section 6), but the
additional autocorrelation structure provides richer statistical evidence for or against
confound-defeatingness.

Second, the lifted state allows transition-contingent commitment types—commitment
types that condition on state transitions, e.g., “fight only when the state deteriorates
from G to B.” Such types are natural in dynamic environments (escalation strategies in
deterrence, quality-dependent menus in trust games) and have no counterpart in the i.i.d.
framework.

Third, persistence is not uniformly harmful to the long-run player. The commitment
payoff bound is identical to the i.i.d. case under belief-robustness, and the mixing time
affects only the convergence rate, not the limiting payoff. The long-run player’s patience
(δ → 1) compensates for slower learning. The effect of persistence on the long-run player’s
payoff arises only when belief-robustness fails—that is, only when the SR threshold falls
in the danger zone [β, 1− α].

Fourth, in applications with regime shifts (e.g., alternating periods of economic
expansion and contraction), the Markov framework captures how reputation interacts
with regime persistence. The commitment payoff V (s∗1) = β/(α + β) in the deterrence
example depends on the transition rates, providing a direct link between the economic
environment’s dynamics and the value of reputation. The Markov commitment payoff
VMarkov further refines this by accounting for the state-contingent SR response, producing
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a more accurate picture of the long-run player’s reputation value under regime-dependent
behavior.

9 Discussion and Open Questions

9.1 Summary

We have shown that extending Marginal Reputation to Markov states requires a distinction
between two regimes. In belief-robust games—where the short-run player’s best-response
set does not depend on the revealed state—the i.i.d. commitment payoff bound V (s∗1)

holds exactly (Theorem 4.3). In general games, the corrected Markov commitment payoff
VMarkov(s

∗
1) provides the appropriate bound (Theorem 4.6), with VMarkov = V (s∗1) if and

only if belief-robustness holds. The difference V (s∗1)− VMarkov—the effect of persistence—
can be positive or negative, quantifying how state persistence affects reputation-building
by enabling the short-run player to condition behavior on the revealed state.

9.2 Open Questions

Several directions merit further investigation.
The belief-robustness landscape remains incompletely characterized. For the

deterrence game, Proposition 3.3 gives a clean criterion in terms of the SR threshold
and the filtering beliefs. For general games with richer action spaces, the geometry of
the belief-robustness condition may be more complex. An important question is whether
belief-robustness is generic or exceptional within economically relevant classes of games.

The computation of VMarkov is straightforward for the two-state deterrence game
but may be challenging for general supermodular games, where it requires solving state-
contingent Nash equilibria for each θ ∈ Θ and integrating over the ergodic distribution.
Closed-form expressions or tight bounds for broad classes of games would make Theorem 4.6
more practically useful.

A natural question concerns ε-perturbed strategies. If the commitment type plays
sε1(θ) = (1− ε)s∗1(θ) + ε · uniform for small ε > 0, the strategy is no longer state-revealing.
Filter stability (Proposition A.2) ensures that the influence of the initial prior π0 on the
posterior decays exponentially, but this does not imply that the posterior µt converges to
the unconditional stationary distribution π.1 For small ε, the observation channel retains
high Fisher information about θt, so the filter tracks the current state and beliefs fluctuate
rather than settling at π. Whether VMarkov(s

ε
1) → V (s∗1) as ε → 0 depends on the rate at

1Three distinct “forgetting” properties should be distinguished: (i) chain mixing—the state distribution
converges to π regardless of θ0; (ii) filter stability—the filter’s dependence on the initial prior π0 decays
exponentially; (iii) belief convergence to π—the posterior µt settles at π. Chain mixing (i) and filter
stability (ii) hold under our assumptions; belief convergence (iii) does not follow from either, and for
small ε the posterior continues to track the state rather than settling at π.
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which signal informativeness degrades relative to the mixing of the belief process, and
remains an open question.

The rate of convergence—how fast U1(δ) → VMarkov as δ → 1—is not addressed by
our analysis. The rate likely depends on both the mixing time τmix and the belief-robustness
margin minθ |F (G|θ) − µ∗|, and characterizing this dependence would be valuable for
applications.

Extensions to continuous state spaces, where Θ is infinite (e.g., R), would require
the OT problem to be formulated in infinite dimensions. The result should extend under
compactness and continuity conditions, but care is needed with the cyclical monotonicity
characterization.

In persuasion games, the Stackelberg strategy involves concavification of the sender’s
value function. Under Markov dynamics, the receiver’s prior varies via the filtering belief
F (·|θt−1), and different priors may yield different concavifications with distinct optimal
persuasion strategies. Whether a state-independent Stackelberg strategy exists in this
setting, and whether the marginal reputation framework extends to state-dependent
Stackelberg strategies, remains an open question.

Finally, the case of non-revealing strategies—commitment strategies with full
support on A1 for all θ, so that the signal does not perfectly identify the state—deserves
separate treatment. For such strategies, filter stability suggests that the belief dynamics
may be more benign than in the state-revealing case, and it is plausible that the full
bound V (s∗1) is recoverable without the belief-robustness condition. A related notion of
approximate belief-robustness, defined as supθ,θ′ dH(B(s∗1, F (·|θ)), B(s∗1, F (·|θ′))) ≤ ε,
may yield a bound of the form VMarkov ≥ V (s∗1)− Cε for some constant C.

9.3 Conclusion

Persistence in states creates a fundamental interaction between the long-run player’s
reputation-building and the short-run player’s state-learning. When the Stackelberg strat-
egy reveals the state, short-run players learn the state sequence and adjust their behavior
accordingly, altering the long-run player’s commitment payoff—sometimes reducing it
(when stationary beliefs were favorable), sometimes increasing it (when stationary beliefs
were unfavorable). This interaction—invisible in the i.i.d. framework and quantified here
for the first time—is a genuinely new economic insight that enriches the marginal reputa-
tion framework. The concepts of belief-robustness and the Markov commitment payoff
provide the tools to analyze reputation in dynamic environments where states exhibit
persistence, answering the open question posed by Luo & Wolitzky (2024, footnote 9).
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A KL Chain Rule Verification

For completeness, we verify that the chain rule for KL divergence holds for general
stochastic processes—the key technical fact ensuring the counting bound (Lemma 5.5)
requires no modification for Markov states.

A.1 The Chain Rule for KL Divergence

Lemma A.1. Let P and Q be probability measures on (X0, X1, . . . , XT−1). Then:

DKL(P∥Q) =
T−1∑
t=0

EP

[
DKL

(
P (Xt|X0, . . . , Xt−1)

∥∥ Q(Xt|X0, . . . , Xt−1)
)]

.

Proof. By the chain rule for probability distributions:

DKL(P∥Q) = EP

[
log

P (X0, . . . , XT−1)

Q(X0, . . . , XT−1)

]
(28)

= EP

[
log

T−1∏
t=0

P (Xt|X0, . . . , Xt−1)

Q(Xt|X0, . . . , Xt−1)

]
(29)

=
T−1∑
t=0

EP

[
log

P (Xt|X0, . . . , Xt−1)

Q(Xt|X0, . . . , Xt−1)

]
(30)

=
T−1∑
t=0

EP [DKL(P (Xt|X0, . . . , Xt−1)∥Q(Xt|X0, . . . , Xt−1))] . (31)

No independence assumption is used anywhere. The decomposition follows purely from
the chain rule for joint distributions P (X0, . . . , XT−1) =

∏
t P (Xt|X<t) and linearity of

expectation.

A.2 Filter Stability for Ergodic HMMs

Proposition A.2 (Filter Stability; cf. Chigansky & Liptser 2004). Let (θt) be an ergodic
Markov chain on finite Θ with transition kernel F , observed through a channel yt ∼ g(·|θt)
(where g has full support). Then the filter πt(·) = P(θt = ·|y0, . . . , yt) satisfies:

sup
π0,π′

0

∥πt − π′
t∥ ≤ C · λt

for some C > 0 and λ ∈ (0, 1), where πt and π′
t are filters starting from priors π0 and π′

0

respectively.

This ensures that the filter’s dependence on the initial prior π0 is “forgotten” exponen-
tially fast (distinct from mixing of the underlying chain, which concerns forgetting of θ0),
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so the per-period signal distribution converges to a limit determined by the observation
process alone—the key property used in Step 3 of the proof.

A.3 Monte Carlo Verification

We verify the KL counting bound (Lemma 5.5) via Monte Carlo simulation. For each
of N = 500 independent runs with horizon T = 5000 periods, we simulate two parallel
processes: (i) a Markov chain with parameters (α, β) = (0.3, 0.5) and the Stackelberg
strategy s∗1(G) = A, s∗1(B) = F ; (ii) an i.i.d. process with P(G) = π(G) = 0.625 and
the same strategy. In each run, we track the Bayesian posterior µt(ωs∗1

) and count
“distinguishing periods” where the per-period signal distributions under the commitment
type and a generic alternative differ by more than η = 0.1 in total variation. The analytical
bound predicts at most T̄ (0.1, µ0) = −2 log µ0(ωs∗1

)/η2 = 921 such periods. The simulation
confirms that both processes produce far fewer distinguishing periods (Markov mean: 12.7;
i.i.d. mean: 8.1), both well below the analytical bound, validating that the KL counting
argument requires no mixing-time correction for Markov states. Note that the Markov
process produces somewhat more distinguishing periods than the i.i.d. process (means of
12.7 vs. 8.1), reflecting the additional temporal structure, but both counts are of the same
order of magnitude.

B Computational Framework

This appendix documents the computational analysis. All scripts and figures are available
in the project repository.

B.1 Analysis Modules

Seven analysis modules (SA1–SA7) systematically tested each claim from the initial draft:

Module Focus Scripts Key Finding

SA1 Belief deviation 3 Mean TV = 0.412

SA2 State-revealing analysis 3 Gap = 0.094 (analytical)

SA3 KL bound verification 3 Extends verbatim

SA4 Filter stability 3 r > 0.63

SA5 OT robustness 3 100% stable

SA6 Nash dynamics 3 36.3% overestimation

SA7 Monotonicity 3 4/24
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Total: 21 scripts, 8 diagnostic figures. Runtime: approximately 8 minutes on a
standard laptop. No GPU required.

B.2 Reproducibility

The analysis pipeline is fully reproducible:

(1) Dependencies: numpy, scipy, matplotlib, seaborn (Python 3.8+).

(2) Entry point: scripts/generate_paper.sh runs the full pipeline (analysis → statis-
tics → PDF).

(3) Statistics are auto-generated: scripts/extract_stats.py produces stats.tex,
ensuring the paper always reflects the latest computational results.

B.3 Repository Structure

revisedTexPaper/

+-- main.tex # Master file (inputs sections)

+-- stats.tex # Auto-generated statistics macros

+-- sections/ # Modular .tex files

+-- figures/ # Diagnostic figures

+-- scripts/ # 7 analysis + automation scripts

+-- supplemental_methodology.tex # Research process documentation

B.4 Additional Figures
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Figure 1: Supermodularity fraction by payoff type on the lifted space. For θt-only payoffs,
4/24 orderings preserve supermodularity. For transition-dependent payoffs, the fraction
drops dramatically.
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Figure 2: LR payoff comparison: stationary belief assumption gives 0.775 vs. filtered belief
reality of 0.569, a 36.3% overestimation. The gap is entirely explained by SR defection in
bad states.

Figure 3: Belief trajectory crossing the BR threshold µ∗ = 0.60. The SR player’s belief
F (G|θt) oscillates between 0.70 (after G) and 0.50 (after B), crossing µ∗ with each state
transition. Disagreement rate: 37.2%.
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Figure 4: Analytical belief gap 2αβ|1−α− β|/(α+ β)2 across the (α, β) parameter space.
The gap equals zero along the anti-diagonal α + β = 1 (i.i.d. line) and increases with
persistence |1− α− β|.
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Figure 5: Mean TV distance ∥F (·|θ)−π∥ across the (α, β) parameter space. The deviation
vanishes along α+β = 1 (the i.i.d. line) and increases toward the corners (high persistence).
Average across the grid: 0.412.

Figure 6: KL counting bound comparison: Markov vs. i.i.d. settings. Monte Carlo
simulation with N = 500 runs and T = 5000 periods confirms the bound T̄ (η, µ0) =
−2 log µ0(ωs∗1

)/η2 is valid in both settings, with empirical counts well below the analytical
bound (Markov mean: 12.7; i.i.d. mean: 8.1; bound: 921).
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Figure 7: Filter forgetting rate λ vs. |1−α−β| across a 30×30 parameter grid. The fitted
correlation exceeds r = 0.63, confirming exponential forgetting with rate proportional to
the chain’s second eigenvalue. More informative signals accelerate forgetting.
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Figure 8: OT support stability margin across the (α, β) parameter space. The co-monotone
coupling (G → A,B → F ) remains the OT solution for perturbations up to ε = 0.3, with
stability margin ≥ 0.3 in 100% of the parameter space.


	Introduction
	The Challenge of Markov States
	Main Results
	Outline

	The Extended Model
	State Process
	Lifted State Space
	Stage Game
	Joint Distribution and Marginals
	Commitment Types
	Repeated Game

	Belief-Robustness: The Key New Concept
	Filtering Beliefs
	The Belief-Robustness Condition
	When Does Belief-Robustness Hold?

	Main Theorems
	Definitions on the Expanded State Space
	Theorem 1' (Belief-Robust Extension)
	Theorem 1'' (General Corrected Bound)
	Extension to Behaviorally Confounded Strategies (Theorem 2)

	Proof Sketch
	Overview: Where i.i.d. Is Actually Used
	Step 0: OT / Confound-Defeating Extension
	Step 1: Lemma 1 — Equilibrium Implications
	Step 2: Lemma 2 — KL Counting Bound
	Step 3: Lemma 3 — Martingale Convergence
	Step 4: Lemma 4 — Combining the Pieces
	Step 5: The Payoff Bound

	The Supermodular Case
	Monotonicity on the Lifted Space
	Payoffs Depending Only on t
	Transition-Dependent Payoffs
	Extended Bounds

	Worked Example: Deterrence Game with Markov Attacks
	Setup
	Lifted State Distribution
	Markov Deterrence Proposition
	Version 1: Belief-Robust (* = 0.40)
	Version 2: Non-Belief-Robust (* = 0.60)
	Concrete Numerical Example
	The Overestimation Gap
	Limiting Cases
	Comparison Table
	Figures

	Interpolation Between i.i.d. and Persistent
	The Interpolation Landscape
	Recovery of i.i.d. (Luo–Wolitzky 2024)
	Connection to Pei (2020) — Perfect Persistence
	The Markov Interpolation
	The Effect of Persistence
	New Economic Content

	Discussion and Open Questions
	Summary
	Open Questions
	Conclusion

	KL Chain Rule Verification
	The Chain Rule for KL Divergence
	Filter Stability for Ergodic HMMs
	Monte Carlo Verification

	Computational Framework
	Analysis Modules
	Reproducibility
	Repository Structure
	Additional Figures

	References

